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All rings are assumed to be associative and with zero identity element;
all modules are unitary right modules. A ring A is said to be arithmetical if
the lattice of two-sided ideals of A is distributive. A ring is said to be right
(resp., left) uniserial if any two of its right (resp., left) ideals are comparable
with respect to inclusion. For example, every residue ring Z/nZ is a finite
commutative arithmetical ring. This ring is uniserial if and only if n is a
power of a prime integer. This paper is a continuation of the paper [7]
devoted to arithmetical rings.
We recall the transfinite definition of the Krull dimension KdimM of a
module M , see[2]. (We note that not all modules have Krull dimension.)
By definition, we assume that zero modules have Krull dimension, which
is equal to −1, and every non-zero Artinian module has Krull dimension
which is equal to zero. Let us assume that α > 0 is an ordinal, the modules
with Krull dimension β are defined for all all ordinal numbers β < α, and
M is a module such that KdimM 6= β. One says that the Krull dimension
KdimM is equal to α if for any infinite properly descending chain M1 >
M2 > . . . of submodules in M , there exists a positive integer n such that
Kdim(Mn/Mn+1) < α. All factor modules and submodules of a module with
Krull dimension have Krull dimension, every extension of a module with
Krull dimension by a module with Krull dimension has Krull dimension,
and every Noetherian module has Krull dimension, see [2]. For a ring A,
the right Krull dimension Kdim(AA) is the Krull dimension of the module
AA if it exists. For example, the Krull dimension of the residue ring Z/nZ
is equal to 0, the Krull dimension of the polynomial ring k[x1, . . . , xn] over
any field k is equal to n. (For a commutative ring A, the Krull dimension
of A is equal to the classical Krull dimension defined with the use of prime
ideals.) The class of all rings with right Krull dimension is larger than
the class of all right Noetherian rings and rings with right Krull dimension
satisfy many useful properties of right Noetherian rings. For example, if A
is a ring with right Krull dimension, then its prime radical P is nilpotent
1
2and the factor ring A/P has the right classical ring of fractions which is a
semisimple Artinian ring.
A module M is said to be finite-dimensional if M does not contain a
direct sum of infinite number of non-zero submodules. Each module with
Krull dimension is finite-dimensional, see [2, Proposition 1.4]. If M is a
module and X is a submodule in M such that X ∩ Y 6= 0 for any non-zero
submodule Y inM , then X is called an essential submodule inM . An ideal
B is said to be idempotent if B = B2.
Remark 1. In [4], it is proved that a commutative uniserial ring A has
Krull dimension if and only if A does not have idempotent proper non-zero
ideals. In this case, it is clear that every factor ring of the ring A does
not have idempotent proper non-zero ideals. It is clear that every factor
ring of any commutative uniserial ring is a finite-dimensional uniserial ring
such that every non-zero ideal in A is essential. We remark that Z is a
commutative arithmetical ring with Krull dimension 1, the ring Z does not
have idempotent proper non-zero ideals and the factor ring Z/6Z of Z has
an idempotent proper non-zero ideal.
Remark 2. The direct product A =
∏
i∈I
Ai of any set of fields Ai is
a commutative arithmetical ring such that all ideals of A are idempotent
ideals. The ring A has Krull dimension if and only if the set I is finite.
Remark 3. Let A be a commutative ring with Krull dimension. In [3,
The´ore`me 12], it is proved that A = A1×. . .·×An, where each of the rings Ai
has Krull dimension and does not have idempotent proper non-zero ideals.
Since every factor ring of the ring A has Krull dimension, we have that every
factor ring A of the ring A does not have idempotent proper essential ideals.
In addition, A is a finite-dimensional ring.
In connection to Remarks 1, 2, and 3, we prove Theorem 1 which is the
main result of this paper.
Theorem 1. Let A be a commutative arithmetical ring. The following
conditions are equivalent.
1) A has Krull dimension.
2) Every factor ring of the ring A is finite-dimensional and does not
have idempotent proper essential ideals.
The proof of Theorem 1 is decomposed into a series of assertions, some
of which are of independent interest.
A module M is said to be distributive if the lattice of all submodules
of M is distributive, i.e. X ∩ (Y + Z) = X ∩ Y + X ∩ Z for any two
submodules X,Y,Z of the module M . A module M is said to be uniform if
any two non-zero submodules of M have the non-zero intersection. A ring
A is called a domain (resp., a prime ring) if the product of any two non-zero
elements (resp., ideals) of A is non-zero. For a ring A, we denote by J(A)
3the Jacobson radical of A. A proper ideal P of the ring A is said to be
completely prime (resp., prime) if the factor ring A/P is a domain (resp., a
prime ring). A right ideal P of the ring A is said to be completely prime if
ab /∈ P for all a, b ∈ A \ P . The intersection of all prime ideals of the ring
A is a nil-ideal and is called the prime radical of A. A ring A is said to be
right invariant (resp., left invariant) if all right (resp., left) ideals of A are
ideals. A ring Q is called the classical right ring of fractions of the ring A if
A is a unitary subring in Q, every non-zero-divisor of the ring A is invertible
in Q, and for each element q ∈ Q, there exist elements a, s ∈ A such that s
is a non-zero-divisor in A and q = as−1.
Lemma 1 [5]. Let A be a ring and let X be a right A-module. The
module X is distributive if and only if for any two elements x, y ∈M , there
exist elements a, b ∈ A such that a+ b = 1 and xaA+ ybA ⊆ xA ∩ yA.
Lemma 2. Let A be a right distributive ring.
1) If P1 ⊂ P2 ⊂ . . . is an infinite properly ascending chain of completely
prime right ideals of the ring A, then ∪∞
i=1
Pi is an idempotent proper
completely prime right ideal.
2) If the ring A does not have idempotent proper completely prime
ideals, then A is a ring with the maximum conditions on completely
prime ideals.
3) If the ring A does not have idempotent proper completely prime right
ideals, then A is a ring with with the maximum conditions on com-
pletely prime right ideals.
Proof. 1). We denote by X the right ideal ∪∞
i=1Pi. Since all Pi are
proper right ideals, X is a proper right ideal. Since all Pi are completely
prime right ideals, X is a completely prime right ideal.
We assume that X 6= X2. Let x ∈ X \X2. Then x ∈ Pi for some i. Since
Pi is a completely prime right ideal and X properly contains Pi, we have
that X2 6⊆ Pi and there exists an element y ∈ X
2 \ Pi. By Lemma 1, there
exist elements a, b ∈ A such that a+b = 1, xa ∈ yA ⊆ X2 and yb ∈ xA ⊆ Pi.
Since x /∈ X2 and xa ∈ X2, we have xb = x − xa /∈ X2. Therefore, b /∈ X.
Since y /∈ Pi and the element yb is contained in the completely prime right
ideal Pi, we have b ∈ Pi ⊆ X. This is a contradiction.
2) and 3). The assertions follow from 1). 
Lemma 3. Let A be a right invariant arithmetical ring which does not
have idempotent proper prime ideals. Then A is a ring with the maximum
conditions on prime ideals.
Proof. Since A is a right invariant arithmetical ring, A is a right dis-
tributive ring. In addition, every prime ideal of the right invariant ring A is
completely prime. Therefore, the assertion follows from Lemma 2(2). 
4Lemma 4 [6, Lemma 1.6]. Let A be a right distributive ring such that
the set N of all right or left zero-divisors of the ring A is a completely prime
ideal of the ring A. Then A has the right classical right ring of fractions Q,
which is a right uniserial ring, and NQ = J(Q).
Lemma 5. Let A be a right distributive right uniform ring such that all
right zero-divisors of A are left zero-divisors and let N be the set of all zero-
divisors of the ring A . Then N is a completely prime ideal of A, the ring A
has the right uniserial classical right ring of fractions Q and NQ = J(Q).
In addition, if A has a completely prime nil-ideal P , then P = xP for any
non-zero-divisor x of the ring A, P = QP is a left ideal of the ring Q,
PQ = QPQ is an ideal of the ring Q, and (PQ)n = PnQ for every positive
integer n.
Proof. Let N1 be the set of all left zero-divisors in A. By [6, Lemma 1.4],
N1 is a completely prime ideal of the ring A. Since all right zero-divisors
in the ring A are left zero-divisors, N = N1. Therefore, N is a completely
prime ideal. By Lemma 4, A has the right classical right ring of fractions
Q, which is a right uniserial ring, and NQ = J(Q).
We assume that A has a completely prime nil-ideal P . Let y ∈ P . By
Lemma 1, there exist elements a, b ∈ A such that a + b = 1 and xa, yb ∈
xA∩yA. Since x /∈ P and xa is an element of the completely prime ideal P ,
we have that a is an element of the nil-ideal P . Then b = 1−a is an invertible
element, and yb ∈ xA. Therefore, y = ybb−1 ∈ xA and P = xP . Since x
is an invertible element of the ring Q and P = xP , we have P = x−1P .
Therefore, P = QP . Then PQ = QPQ is an ideal of the ring A and
(PQ)n = PnQ for every positive integer n. 
Lemma 6. Let A be a commutative arithmetical uniform ring, P be the
prime radical of the ring A, and A/P be a finite-dimensional ring.
1) P is a completely prime nil-ideal and either P = P 2, or P is a
nilpotent ideal.
2) If the ring A does not have idempotent proper essential ideals, then
P is a nilpotent ideal.
Proof. 1). Since A/P is a commutative finite-dimensional semiprime
arithmetical ring, A/P is a finite direct product of domains [1, Proposition
2]. Since P is a nil-ideal, all idempotents of the ring A/P can be lifted to
idempotents of the commutative indecomposable ring A. Therefore, the ring
A/P does not have non-trivial idempotents. Then A/P is a domain and P
is a completely prime nil-ideal. By Lemma 5, the ring A has the uniserial
classical ring of fractions Q, P = xP for any non-zero-divisor x of the ring
A, P = QP is an ideal of the ring Q, and Pn = PnQ for every positive
integer n.
We assume that P 6= P 2. Let p ∈ P \ P 2. Then pQ is a nilpotent ideal
of the commutative uniserial ring Q which is not contained in the ideal
5P 2 = P 2Q. Then ideal P 2 is contained in the nilpotent ideal pQ. Therefore,
the ideal P 2 is a nilpotent ideal. Therefore, P is a nilpotent ideal.
2). Without loss of generality, we can assume that P is a non-zero proper
ideal of the ring A. Since A is a uniform ring, P is an essential ideal. By
assumption, the ring A does not have proper essential idempotent ideals.
Therefore, P 6= P 2. By 1), P is a nilpotent ideal. 
Lemma 7 [4, Proposition 2]. Let M be a module such that all factor mod-
ules of the module M are finite-dimensional and each non-zero factor module
Q of the module M contains a non-zero submodule with Krull dimension.
Then M has Krull dimension.
Lemma 8 [2, 1.4, 7.1, 7.3, 7.4]. Let A be a ring with right Krull dimen-
sion. Then every factor ring of the ring A is right finite-dimensional, A is
a ring with the maximum condition on prime ideals, and for every proper
ideal B of the ring A, there exist prime ideals P1, . . . , Pn of the ring A such
that P1 · . . . · Pn ⊆ B and each of the ideals Pi contains the ideal B.
The proofs of the following Lemma 9 and Lemma 10 are based on the
ideas of the paper [4].
Lemma 9. Let A be a ring such that all cyclic right A-modules are
finite-dimensional.
1) If there exists a finite set {P1, . . . , Pn} ideals of the ring A such that
each of the cyclic right A-modules A/Pi has Krull dimension, then
the ring A/(P1 · . . . · Pn) has right Krull dimension.
2) We assume that there exists a set Q of proper ideals of the ring
A such that all ascending ideals from Q stabilize at finite step and
for any non-zero right ideal B of the ring A, there exist ideals
P1, . . . , Pn ∈ Q such that
P1 · . . . · Pn ⊆ B ⊆ P1 ∩ . . . ∩ Pn.
Then A has right Krull dimension.
Proof. 1). The proof of this assertion is reported to the author by
V.T. Markov. We use the induction on n. For n = 1, it is nothing to
prove. Let n > 1 and let Q = P1 . . . Pn−1. By the induction assumption,
the factor ring A/Q has right Krull dimension. Let X be an arbitrary
non-zero factor module of the right A-of the module Q/QPn. Then X is a
submodule of the right A/Pn-module Q/QPn. SinceX is a right module over
the ring A/Pn with right Krull dimension, every non-zero submodule of the
A/Pn-moduleX contains a non-zero submodule with Krull dimension. Then
every non-zero submodule of the A-moduleX contains a non-zero submodule
with Krull dimension. In addition, XA is a submodule of the cyclic A-
module A/QPn and all factor modules of the cyclic A-module A/QPn are
finite-dimensional by the assumption. Therefore, all factor modules of the
module XA are finite-dimensional. By Lemma 7, the module XA has Krull
6dimension. Since X is an arbitrary non-zero factor module (Q/QPn)A, the
module (Q/QPn)A has Krull dimension. In addition, (A/Q)A has Krull
dimension by the induction hypothesis. Since (A/QPn)A is an extension
of the module (Q/QPn)A with Krull dimension by the module (A/Q)n, we
have that (A/QPn)A has Krull dimension Therefore, the ring A/QPn has
right Krull dimension.
2). We assume that A does not have right Krull dimension. We construct
a properly ascending sequence of ideals Q0 ⊂ Q1 ⊂ Q2 . . . from Q∪{0} such
that the ring A/Qi does not have Krull dimension for all i ≥ 0. We set
Q0 = 0. We assume that the ideals Q0 ⊂ . . . ⊂ Qk are constructed, where
k ≥ 0. Since the right A-module A/Qk does not have Krull dimension,
there exists a right ideal B of the ring A such that B ⊇ Qk, B/Qk 6= 0
and (A/B)A does not have Krull dimension. By the assumption, there exist
ideals P1, . . . , Pn ∈ Q such that
P1 · . . . · Pn ⊆ B ⊆ P1 ∩ . . . ∩ Pn.
By Lemma 7, there exists an integer i ∈ {1, . . . , n} such that the cyclic right
A-module A/Pi does not have Krull dimension. We set Qk+1 = Pi. We have
an infinite ascending sequence chain Q1 ⊂ Q2 ⊂ . . . of ideals from Q; this
contradicts to the assumption. 
Lemma 10. For a right invariant ring A, the following conditions are
equivalent.
1) The ring A has right Krull dimension.
2) A is a ring with the maximum condition on prime ideals, all factor
of the ring of the ring A are right finite-dimensional, and for any
non-zero ideal B of the ring A, there exist ideals P1, . . . , Pn ∈ Q
such that
P1 · . . . · Pn ⊆ B ⊆ P1 ∩ . . . ∩ Pn.
Proof. The implication 1)⇒ 2) follows from Lemma 8.
2)⇒ 1). The ring A is right invariant and all factor rings of the ring A
are right finite-dimensional. Therefore, all cyclic right A-modules are finite-
dimensional. We denote by Q the set of all prime ideals of the ring A. Now
the assertion follows from Lemma 9(2). 
Lemma 11. Let A be a commutative arithmetical ring such that every
factor ring of the ring A is finite-dimensional and does not have idempotent
proper essential ideals. Then A has Krull dimension.
Proof. By assumption, every factor ring of the ring A is finite-
dimensional. By Lemma 3, A is a ring with the maximum condition on
prime ideals. Let B be an arbitrary proper ideal of the ring A. By Lemma
10, it is sufficient to prove that there exist prime ideals Q1, . . . , Qn of the
ring A such that Q1 · . . . · Qn ⊆ B and each of the ideals Qi contains the
ideal B.
7By assumption, A/B is a finite-dimensional ring. Therefore, there exist
ideals B1, . . . , Bk of the ring A such that B1∩ . . .∩Bk = B and every factor
ring A/Bi is a uniform ring. Let P1, . . . , Pk be ideals of the ring A such that
Bi ⊆ Pi and Pi/Bi is the prime radical of the ring A/Bi, i = 1, . . . , k. By
assumption, every factor ring A/Pi is a uniform ring. By assumption, every
factor ring A/Bi is a commutative arithmetical ring without idempotent
proper essential ideals. By Lemma 6, Pi/Bi is a prime nilpotent ideal of the
ring A/Bi, i = 1, . . . , k. Therefore, there exist positive integers n1, . . . , nk
such that Pni
i
⊆ Bi, i = 1, . . . , k. Therefore, the ideal X = P
n1
1
· . . . · Pnk
k
is
contained in the ideal B1 ∩ . . . ∩Bk = B and every prime ideal Pi contains
the ideal B. This implies the required assertion. 
Remark 4. We give the completion of the proof of Theorem 1. The im-
plication 1)⇒ 2) follows from Remark 3. The implication 2)⇒ 1) is proved
in Lemma 11.
The author thanks I.B.Kozhuhov and V.T.Markov for their helpful dis-
cussions.
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